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Abstract
The light-like linear dilaton background represents a particularly simple time-
dependent 1/2 BPS solution of critical type IIA superstring theory in ten dimensions.
Its lift to M-theory, as well as its Einstein frame metric, are singular in the sense
that the geometry is geodesically incomplete and the Riemann tensor diverges along
a light-like subspace of codimension one. We study this background as a model for a
big bang type singularity in string theory/M-theory. We construct the dual Matrix
theory description in terms of a (1+1)-d supersymmetric Yang-Mills theory on a time-
dependent world-sheet given by the Milne orbifold of (1+1)-d Minkowski space. Our
model provides a framework in which the physics of the singularity appears to be
under control.
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1 Introduction
One of the outstanding questions facing string theory is how to describe a cosmological sin-
gularity like the big bang. For recent cosmological scenarios where the big bang singularity
plays a crucial role, see for instance [1]. What prior work has taught us is that perturbative
string theory breaks down on many toy model space-times that include space-like and light-
like curvature singularities [2–6]. See [7–10] for some related work. To capture the physics
of the singularity, a complete non-perturbative description of string theory appears to be
necessary.4 In this work, we will present a particularly clean example of a cosmological
singularity that admits a holographic dual description via Matrix Theory [12] (for reviews,
see for instance [13]). Prior examples of holographic descriptions, in the sense of AdS/CFT,
appear in [9, 14]. See [15] for some other ideas relating Matrix theory and cosmology.
The backgrounds that we will consider are linear dilaton backgrounds which are key
ingredients in some of the oldest exact solutions of string theory [16]. The dilaton, φ,
is identified with a direction in space-time. If the direction is time-like, the solution is
cosmological and non-supersymmetric. By definition, we lose perturbative control over
these backgrounds when the string coupling
gs = e
φ (1)
becomes large.
In this work, we want to consider a simple variant of these cosmologies where we choose
light-cone coordinates in space-time and identify,
φ = −QX+, (2)
where Q is a constant. This kind of dilaton profile appears as an ingredient in many
supergravity solutions like some plane-wave backgrounds. To construct a solution of string
theory, we also need to specify a 10-dimensional space-time metric. This metric could
describe some non-trivial compactification. For simplicity, we will take flat Minkowski
space with coordinates Xµ = (X+, X−, X i) and metric,
ds210 = −2dX+dX− +
∑
i
(dX i)2 (3)
4See, however, the very recent paper [11], which claims that certain space-like singularities are replaced
by a tachyon condensate phase within perturbative string theory.
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as our 10-dimensional string metric.
This background is a remarkably simple, time-dependent string solution. Note that the
parameter Q appearing in (2) can be scaled to any non-zero value using the boost symmetry
X+ → αX+, X− → α−1X−,
where α is non-zero. To see that flat space is still a string solution in the presence of this
linear dilaton, we only need to note that a light-like linear dilaton (unlike a space-like or
time-like linear dilaton) makes no contribution to the conformal anomaly.
From the perspective of string frame, the only time-dependence appears in the coupling
constant. However, the corresponding Einstein frame metric is given by
ds2E = e
QX+/2 ds210. (4)
Viewed in Einstein frame, this space-time originates at a big bang as X+ → −∞ since
the scale factor goes to zero. In the following section, we will study this solution as a
model for a big bang, and describe perturbative string quantization in this background.
In section 3, we derive the Matrix description of this background which involves Matrix
strings propagating on a time-dependent world-sheet. The world-sheet is described by the
two-dimensional metric
ds2 = e2η
(−dη2 + dx2) (5)
with x ∼ x + 2π. This metric describes the future quadrant of the Milne orbifold, which
can be thought of as flat space with a boost identification. The curvature singularity of the
metric (4) corresponds via Matrix theory to the Milne singularity at η = −∞, where the
x-circle shrinks to zero size. This is the “big bang”. Time evolution from the big bang to
the asymptotic regime corresponds in the Matrix description to renormalization group flow
from the UV to the IR. The physics near the big bang is described by weakly-coupled Yang-
Mills theory. In section 3.2, we argue that our Matrix description remains decoupled from
gravity even at the singularity. At late times, the matrix degrees of freedom re-organize
themselves into weakly-coupled strings, and a conventional space-time picture emerges.
It is worth noting that the Milne orbifold has been studied as a space-time background
for closed string propagation. What can be concluded from this work is that perturbative
string theory breaks down because of large gravitational backreaction from the singularity.
In our case, the Milne orbifold appears as the Matrix string world-sheet. Matrix string
theory should capture the non-perturbative physics of the space-time singularity.
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In the final section, we mention a few of the possible generalizations of the light-like
linear dilaton background.
2 The Light-like Linear Dilaton
2.1 The light-like linear dilaton as a big bang cosmology
We begin by considering the light-like linear dilaton as a background of type IIA string
theory. This defines an exact CFT that describes string propagation in flat space-time with
a varying string coupling given by
gs = e
−QX+. (6)
The space-time theory is free at late times (X+ →∞), and strongly coupled at early times
(X+ → −∞).
This background preserves one-half of the 32 flat space supersymmetries. To see this, we
need to check the supersymmetry variations of the gravitino and dilatino. Only the dilatino,
λ, feels the presence of this linear dilaton background via the term in its supersymmetry
variation,
δλ ∼ Γ+∂+φ ǫ, (7)
where ǫ is the supersymmetry parameter. However, there are 16 solutions to the condition
Γ+ǫ = 0, (8)
so half the supersymmetry is preserved. This is rather crucial since as X+ → −∞, we have
enough control from supersymmetry to determine a good strong coupling description. The
spectrum in the weak coupling regime where X+ →∞ is determined from the perturbative
string quantization to be described in section 2.2.
As gs becomes large, we expect this background to lift to a solution of M-theory. The
11-dimensional metric
ds2 = e2QX
+/3ds210 + e
−4QX+/3(dY )2, (9)
with Y the eleventh direction, governs the strong coupling limit of this background. We
should check that the background defined by (9) is not trivial. We define an orthonormal
basis of 1-forms
ei = eQX
+/3dX i, e+ = eQX
+/3dX+, e− = eQX
+/3dX−, ey = e−2QX
+/3dY (10)
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with respect to which the metric takes the canonical form
ds211 = −2e+e− + (ei)2 + (ey)2. (11)
Up to symmetry, the corresponding spin connection has non-vanishing components
ωi+ =
Q
3
e−QX
+/3 ei, ωy+ = −2Q
3
e−QX
+/3 ey, ω−+ = −Q
3
e−QX
+/3e+. (12)
The non-vanishing curvature 2-forms are
R+i =
Q2
9
e−2QX
+/3e+ ∧ ei,
Ry+ =
8Q2
9
e−2QX
+/3e+ ∧ ey,
with respect to the orthonormal basis (10). The non-vanishing components of the Riemann
tensor in a coordinate basis are (up to symmetry)
R+i+i =
Q2
9
e2QX
+/3,
R+y+y = −8Q
2
9
e−4QX
+/3. (13)
It is easy to see from these equations that the Ricci tensor vanishes, as it should for a purely
gravitational M-theory solution.
It might appear that the 11-dimensional metric (9) has a ‘singularity’ at bothX+ → +∞
and X+ → −∞ since in both limits some metric components go to zero. The difference
between these two limits is, however, that the X+ → −∞ singularity occurs at finite
geodesic distance, while the X+ →∞ singularity is at infinite distance.
The presence of the finite distance X+ → −∞ singularity implies that the space-time
is geodesically incomplete. Namely, some geodesics terminate at finite affine parameter.
This is most easily seen for the lines X− = const., X i = const., which are geodesics. The
geodesic equation in this case is
d2X+
dλ2
+ Γ+++
(
dX+
dλ
)2
= 0, (14)
where Γ+++ = 2Q/3. This can be integrated to give
e
2
3
QX+
(
dX+
dλ
)
= const. (15)
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and hence the affine parameter is (up to an affine transformation)
λ = e
2
3
QX+ . (16)
We thus find that the point X+ → −∞ corresponds to λ = 0, and hence it has finite affine
distance to all points in the interior. Note that the other ‘singularity’ at X+ →∞ is indeed
at infinite affine parameter, λ = ∞, so it represents an asymptotic region in which the
eleventh dimension happens to curl up to zero size.
One can write the metric in terms of the affine parameter λ for λ > 0 as
ds2 = − 3
Q
dλdX− + λds28 + λ
−2dy2. (17)
In terms of these coordinates, the non-vanishing components of the Riemann tensor are
Rλiλi =
1
4λ
,
Rλyλy = − 2
λ4
, (18)
which clearly shows that there is a curvature singularity at λ = 0, where an inertial observer
experiences divergent tidal forces.
It does not make sense to consider the metric (17) for λ < 0 because the signature of
the eight transverse dimensions changes sign. To extend to λ < 0 in a sensible way, one
might try replacing the λ in front of ds28 by its absolute value |λ|. However, this extension
is ad hoc without some additional input beyond general relativity about how to treat the
curvature singularity. What we can conclude is that there is truly a singularity in the
classical gravity description of the light-like linear dilaton background.
In fact, this same conclusion also applies to the 10-d desciption in Einstein frame:
namely, there exists a singularity at finite geodesic distance. To see this, rewrite the Einstein
metric (4) in terms of its affine parameter
u = e
1
2
QX+ (19)
and a new coordinate v = X−:
ds2E = −
4
Q
du dv + u
∑
i
(dX i)2. (20)
Defining an orthonormal basis
ei = u1/2dX i, eu =
2
Q
du, ev = dv, (21)
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we find the following non-vanishing components of the spin connection:
ωiu =
Q
4u
ei, (22)
and of the curvature two form:
Riu =
Q2
16u2
ei ∧ eu. (23)
In a coordinate basis, we find
Riuiu =
1
4u
, (24)
which is indeed singular at u = 0.
In Einstein frame, the Ricci tensor is non-zero:
Ruu =
2
u2
. (25)
This non-vanishing Ricci tensor is supported by the dilaton, which, unlike in the string
frame, has a non-zero stress-energy tensor and thus contributes to Einstein’s equations.
We have
φ = −QX+ = −2 log u, (26)
and thus
Tuu =
1
2
(∂uφ)
2 =
2
u2
. (27)
This can be interpreted as follows: the singular nature of the Rλyλy component of the 11-d
Riemann tensor (18) is transferred to the stress-energy tensor of the dilaton, and hence by
Einstein’s equations to the Ricci tensor (25).
2.2 Perturbative string theory
We now describe some of the properties of the light-like linear dilaton solution in perturba-
tive string theory. We start with the bosonic string in D dimensions. The world-sheet fields
Xµ are free, but the time-dependence of the dilaton is reflected in a modified world-sheet
stress tensor,
T (z) = −∂Xi∂X i + 2∂X+∂X− −Q∂2X+. (28)
The central charge is unmodified,
c = D, (29)
and Q is a free parameter.
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Since the world-sheet theory is free and the string coupling is small at late times, it is
not difficult to construct the physical states. As in flat space-time with constant dilaton,
states are labeled by momentum pµ and an oscillator contribution. The corresponding
vertex operators have the form
V = eipµX
µ
PN(∂X
µ, ∂¯Xµ, · · ·), (30)
where PN is a polynomial in derivatives of the world-sheet fields X
µ of total (left and right)
scaling dimension N . We take the zero mode part of the vertex operator to be a plane wave.
Physical states correspond to Virasoro primaries of the form (30) with scaling dimension
one. From (28), it follows that the scaling dimension of V is
L0 =
1
4
p2i −
1
2
p+(p− + iQ) +N. (31)
The non-standard contribution of p+ to the scaling dimension is easy to understand. In
string theory, the zero mode part of vertex operators for the emission of string modes have
the general form
V = gsΨ, (32)
where Ψ is the wavefunction of the state. Usually, the factor of gs in (32) can be neglected
since it is constant, but here according to (6) it is time-dependent and therefore needs to
be retained. The vertex operator (30) corresponds to the wavefunction
Ψ( ~X,X+, X−) = ei~p·
~X−ip+X−−i(p−+iQ)X+ . (33)
Thus, the light-cone energy is
E− = p− + iQ (34)
and (31) reads
L0 =
1
4
(
~p2 − 2p+E−)+N. (35)
The mass shell condition then becomes
m2eff ≡ 2p+E− − ~p2 = 4(N − 1). (36)
The classical evolution of fields in this background is easy to describe. For example, consider
a scalar field T with mass m in the light-like linear dilaton background. The Lagrangian is
proportional to
L = 1
2
e2QX
+
(2∂+T∂−T − ∂iT∂iT −m2T 2). (37)
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The equation of motion of T is
(2∂+∂− − ∂i∂i + 2Q∂− +m2)T = 0. (38)
A basis of solutions is given by
T (X+, X−, ~X) = e−QX
+
e−ip
+X−−iE−X++i~k· ~X , (39)
with
− 2p+E− + ~p2 +m2 = 0. (40)
2.3 Light-cone string field theory
The calculation of the perturbative string amplitudes of the light-like linear dilaton back-
ground becomes particularly simple in the light-cone gauge. Of course, given that the
dilaton itself picks a preferred light-cone direction, one does not even break Lorentz invari-
ance by making the usual gauge choice X+ = p+τ on the world-sheet. The world-sheet
theory for the transverse coordinates is completely identical to that of flat space superstring
theory.
As is well known from the old literature, one can represent a perturbative string am-
plitude in terms of a sum over light-cone diagrams. The contribution of each diagram is
expressed as an integral over the positions τi of the joining and splitting operators on the
world-sheet. For a genus g contribution to a n-string scattering amplitude the number
of these vertex operators is 2g − 2 + n. The effect of the linear dilaton is that the cou-
pling constants now becomes a function of the light-cone coordinate τ on the world-sheet.
Specifically, every joining/splitting operator gets multiplied by eQp
+τi . Hence the overall
amplitude, before integrating over the τi, gets multiplied by
2g−2+n∏
i=1
e−Qp
+τi ≡ e−(2g−2+n)Qp+τ∗ . (41)
Here τ∗ is the average of the insertion points τi. Because the world-sheet theory is translation
invariant in τ , the rest of the integrand only depends on the relative differences of the
positions τi of the joining/splitting vertices. This fact can be exploited by separating the
integration over the τi into the integral over the relative positions multiplied by the integral
over τ∗. The integral over the relative positions precisely gives the usual amplitude in flat
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space. We thus obtain the following simple relation between the string amplitudes in the
light-like linear dilaton background and the corresponding flat space amplitudes:
Ag,n = Ag,nflat
∫ +∞
−∞
dτ∗e
−(2g−2+n)Qp+τ∗ . (42)
Clearly, the integral diverges even before summing over the genus. Hence, one clearly has
to introduce a cut-off in the τ ∗ integral, keeping it away from τ = −∞. But even when we
take τ∗ > τc one finds that the effective coupling geffs ∼ e−Qp+τc can become large when τc
is negative. Therefore another description is required in this region. We will provide such
a description in the next section.
3 Matrix String Description
We will begin our discussion of Matrix theory by taking the flat space Matrix string action
and inserting the time-dependent string coupling, gs = exp(−QX+). This leads directly to
supersymmetric Yang-Mills on the Milne orbifold as the Matrix description of the light-like
linear dilaton space-time. In section 3.1, we will provide an independent derivation leading
to this same conclusion. This derivation will allow us to describe the regime of validity of
the Matrix description.
Matrix string theory is described by a (1 + 1)-d super-Yang-Mills (SYM) theory with
16 supercharges. The action follows from dimensional reduction of (9 + 1)-d SYM theory.
It contains eight matrix-valued fields X i representing the transverse bosonic coordinates,
as well as eight matrix-valued spinor coordinates Θa. The action is [17–19]
S =
1
2πℓ2s
∫
tr
(
1
2
(DµX
i)2 + θTD/ θ + g2sℓ
4
sπ
2F 2µν −
1
4π2g2sℓ
4
s
[X i, Xj]2 +
1
2πgsℓ2s
θTγi[X
i, θ]
)
.
(43)
The metric on the world-sheet is flat, i.e.ηµν = diag(−1, 1), and the spatial coordinate σ on
the world-sheet has a fixed periodicity equal to 2πℓs. Notice that the Yang-Mills coupling
constant, which is dimensionful in (1 + 1) dimensions, is here identified with the inverse
product of the string length and the string coupling,
gYM ≡ 1
gsℓs
. (44)
In the IR limit the SYM theory become strongly coupled and, as shown in [19], reduces
to the perturbative description of the type IIA superstring. In the UV, however, the SYM
theory is weakly coupled.
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In the light-cone gauge the world-sheet time coordinate is proportional to the space-
time null coordinate X+. We can thus describe the light-like linear dilaton background in
a simple way by allowing the string coupling to depend on the world-sheet time τ via a
relation like gs = e
−Qτ . In section 3.1, we will determine the precise proportionality constant
between X+ and τ leading to (81).
It thus appears that we are dealing with a SYM theory with a time-dependent coupling
constant. However, there is another way to view this result; namely, by changing the
geometry on the world-sheet. Unlike the usual string action, the matrix string action is not
conformally invariant: rescaling the metric by a function f(τ)2 changes the terms involving
the coupling gs in such a way that gs gets multiplied by f(τ)
−1. Thus, we conclude that
the matrix string description of the light-like linear dilaton background is given by (1+1)-d
SYM theory with fixed coupling, but on a world sheet with geometry
ds2 = e2Qτ (−dτ 2 + dσ2). (45)
In fact, this metric is flat since it reduces to the usual Minkowski metric ds2 = −2dξ+dξ−
through the substitution
ξ± =
1√
2Q
eQ(τ±σ). (46)
However, since the coordinate σ is periodic modulo 2πℓs, the (1 + 1)-d Minkowski space
described by the coordinates (ξ+, ξ−) turns into the Milne orbifold because of the identifi-
cations
ξ± ≡ e±2πQℓsξ±. (47)
3.1 A more detailed derivation
We would like to extend the derivation of Matrix theory given in [20] (see also [21]) to our
time-dependent example. We start with the ten-dimensional string metric
ds2 = −2dX+dX− +
8∑
i=1
(dX i)2 (48)
and the light-like linear dilaton
φ = −QX+. (49)
In discrete light-cone quantization (DLCQ), we make the identification
X− ∼ X− +R (50)
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and focus on a sector with N units of light-cone momentum,
p+ =
2πN
R
. (51)
In [20], the theory with the identification (50) was defined as a limit of a space-like com-
pactification, where the shift (50) of X− is accompanied by a small shift of X+. However,
shifting X+ is not a symmetry of our background (49), so we have to define the DLCQ in a
different way. To that effect, we single out one direction X1 from among the X i and make
the identification
(X+, X−, X1) ∼ (X+, X−, X1) + (0, R, ǫR), (52)
where in the end we will take ǫ→ 0. The Lorentz transformation
X+ = ǫx+,
X− =
x+
2ǫ
+
x−
ǫ
+
x1
ǫ
,
X1 = x+ + x1 (53)
puts the background in the form
ds2 = −2dx+dx− +
8∑
i=1
(dxi)2, (54)
φ = −Qǫx+, (55)
with the identification
x1 ∼ x1 + ǫR. (56)
In this background, we focus on a sector with N units of momentum in the x1 direction.
After a T and an S duality, and introducing
r ≡ ǫR
2πℓs
, (57)
we are studying a sector with N D1-branes wrapped around x1 in the type IIB background
ds2 = reǫQx
+
{
−2dx+dx− +
8∑
i=1
(dxi)2
}
, (58)
φ = ǫQx+ + log r, (59)
with the identification
x1 ∼ x1 + 2πℓs
r
. (60)
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This is now a theory of D1-branes in a background where the string coupling becomes weak
near the big-bang, and strong at late times. It is worth stressing that this is opposite to
the behavior of the string coupling in our original background (48, 49).
We now need to find a ground state of the D1-brane theory, and study fluctuations about
this ground state. First consider a single D1-brane. If in the Dirac-Born-Infeld action,
SD1 = − 1
2πℓ2s
∫
dτdσe−φ
√
− det (∂αXµ∂βXνGµν + 2πℓ2sFαβ), (61)
we first put Fαβ to zero, then the x
+ dependence cancels between the inverse string coupling
and the determinant of the metric. So a simple classical solution is
x1 =
1
r
σ, (62)
x+ =
1
r
τ√
2
, (63)
x− =
1
r
τ√
2
, (64)
xi = 0, i = 2, . . . , 8. (65)
If we now choose the gauge
x1 =
1
r
σ,
x+ =
1
r
τ√
2
, (66)
and define a new coordinate y by
x− =
1
r
τ√
2
+
√
2y, (67)
then, ignoring a total derivative, (61) can be expanded to give
SD1 =
1
2πℓ2s
∫
dτdσ
(
− 1
r2
+
1
2
[
(∂τy)
2 + (∂τx
i)2 − (∂σy)2 − (∂σxi)2
]
+2π2ℓ4s exp
(
−
√
2ǫQτ
r
)
F 2τσ + . . .
)
, (68)
with
σ ∼ σ + 2πℓs. (69)
This agrees with the N = 1 case of (43) after rescaling the fields. Note that the
coordinate y appears on the same footing as the xi (i = 2, . . . , 8), so it plays the role that
xi used to play before we made the compactification space-like.
For N D1-branes, the world-volume theory is given by (43).
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3.2 Regime of validity of the Matrix string description
The modes (39) of a scalar field in the lightlike linear dilaton background (48, 49) take the
following form in terms of the new coordinates (53):
T (x+, x−, ~x) = e−ǫQx
+
exp
{
−i(ǫE− + p
+
2ǫ
− k1)x+ − ip
+
ǫ
x− + i(k1 − p
+
ǫ
)x1 + i
8∑
j=2
kjx
j
}
.
(70)
The identification (52), or equivalently (56), implies the momentum quantization condition
p+ = ǫk1 − 2πn
R
. (71)
In DLCQ, we focus on a sector with given N and study fluctuations that stay within that
sector. Such fluctuations have n = 0, so that
p+ = ǫk1. (72)
Using (72), the mass shell condition (40) for non-negative m2 implies
|k1| ≤ 2ǫ|E−|. (73)
As a consequence, (70) shows that the energy and momentum in the new coordinate system
(x+, x−, xi) are at most of order
ǫE−. (74)
Taking into account the identifications (66), we conclude that the world-sheet energy and
momentum appearing in the action (68) are at most of order
Etypical ∼ ǫE
−
r
∼ E
−ℓs
R
. (75)
The effective time-dependent string length ℓeffs can be read from the metric (58),
ℓeffs =
ℓse
−ǫQx+/2
√
r
. (76)
The condition for open string oscillators to decouple is given by
ǫE−ℓeffs =
√
2πǫℓ3s
R
E−e−ǫQx
+/2 ≪ 1, (77)
which is satisfied in the ǫ→ 0 limit.
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We must also check that gravity decouples from the Matrix description. The effec-
tive ten-dimensional Newton “constant” can be determined from the metric (58) and dila-
ton (59),
GeffN ∼ g2s(ℓeffs )8 =
ℓ8se
−2ǫQx+
r2
=
4π2ℓ10s e
−2ǫQx+
ǫ2R2
. (78)
Taking into account the fact that the energies of fluctuations are given by (74), we see that
the fluctuations interact gravitationally with strength
GN (ǫE
−)8 ∼ 4π
2ℓ10s ǫ
6(E−)8e−2ǫQx
+
R2
, (79)
so closed strings also decouple for ǫ→ 0.
So complete decoupling of closed and massive open strings can be achieved by strictly
setting
ǫ = 0. (80)
This strict limit makes perfect sense from the SYM point of view, since its coupling
gYM =
1
gsℓs
=
1
ℓs
exp
(√
2πℓsQτ
R
)
(81)
and the typical energies (75) are ǫ-independent. In other words, by using the limit (80),
we reach the remarkable conclusion that our Matrix description is valid all the way to the
singularity, which opens up the perspective of using it to study the fate of the singularity.
Now that we have argued that the Matrix description is a complete description of the
physics of the singularity, we should ask whether the description is weakly coupled. The
relevant dimensionless parameter is the ratio of the SYM coupling to the typical energy of
processes we are interested in. Using (81), (75), (82) and
p+ = 2πN/R, (82)
we see that this parameter equals
gYM
Etypical
∼
N exp
(√
2πℓsQτ
R
)
p+E−ℓ2s
. (83)
Thus for any fixed finite N the Matrix description is strongly coupled for late times and
weakly coupled for early times. Note, however, that in DLCQ, we eventually want to take
the decompactification limit N →∞, R→∞ with fixed p+ = 2πN/R. This is corresponds
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to the limit where we take N → ∞ holding g2YM fixed while considering energies of order
1/N . In a strict N → ∞ limit, which undoes the DLCQ by decompactifying the lightlike
circle, one finds a strong coupling behavior for all times. One could also imagine having
N depend on time and keeping an appropriate combination of the parameter (83) and N
almost fixed close to the singularity, thus effectively decompactifying the DLCQ circle near
the singularity while keeping the SYM theory weakly coupled near the singularity. For
some range of times, it might also be useful to perform an analysis along the lines of [22].
3.3 Cosmological evolution and the emergence of space-time
Time evolution from the big bang to late times corresponds beautifully to renormalization
group flow in the Yang-Mills theory. At the big bang, the Yang-Mills theory is weakly
coupled. Since the coupling has positive mass dimension, weak coupling corresponds to the
UV sector of the theory. As time evolves, the coupling increases and the Yang-Mills theory
flows to the IR.
At early times, we have weakly coupled Yang-Mills theory. Since the coupling (44) is
small, the potential terms in (43) turn off as we approach the big bang. We are left with
a theory of non-commuting matrices. These appear to be the correct degrees of freedom
near the singularity, replacing our conventional notion of space-time. At very late times, we
recover light-cone quantized perturbative string field theory in the light-like linear dilaton
background, along the lines described in [19].
In Matrix theory descriptions of flat space-time, supersymmetry plays a critical role.
Roughly speaking, diagonal matrix elements are interpreted as positions in space-time (they
are the positions of the D1-branes in their transverse space), while off-diagonal matrix el-
ements correspond to strings connecting the various D1-branes. When two well-separated
clusters of D1-branes are considered, for instance corresponding to two well-separated super-
gravitons, the off-diagonal modes between the two clusters are heavy and can be integrated
out, a priori giving rise to an effective potential for the separation modulus of the two clus-
ters. Supersymmetric cancellations ensure that the effective potential vanishes and that the
moduli space metric is flat [23]. This is crucial for the space-time interpretation of Matrix
theory: if supergravitons interacted with a static rather than velocity-dependent potential,
the model would not describe gravity in flat space-time.
Indeed, a Matrix theory description of a non-supersymmetric flat string background
with a closed string tachyon was given in [24]. This Matrix theory develops a potential
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that lifts the flat directions, a pathology that was given the interpretation that the original
non-supersymmetric space-time is not a solution of non-perturbative string theory.
Our model, the light-like linear dilaton background of type IIA string theory, preserves
16 supersymmetries, so one might have hoped to find a supersymmetric Matrix theory
description. However, it turns out that supersymmetry is spontaneously broken in any
sector with non-zero light-cone momentum p+ = 2πN/R. Since in our discrete light-cone
quantization we focus on a sector with a fixed non-zero value for N , we are bound to
find a Matrix string description in which supersymmetry is broken. This would have been
disastrous if the breaking were explicit.
However, what we actually found is maximally supersymmetric two-dimensional Yang-
Mills theory in flat space with a boost identification. The boost identification breaks all the
supersymmetry but only via boundary conditions on the Milne circle: namely, the action
of the boost transformation acts differently on fields of different spin leading to a different
quantization condition for bosons and fermions [10]. This is an effect that becomes less
relevant as the Milne circle grows in time. At late times, the potential becomes small
as supersymmetry is restored. It would be interesting to understand this potential in a
quantitative way.
3.4 Does time begin?
The deepest question that we would hope to address with this formalism is whether the
big bang should be thought of as the beginning of time, or whether space-time exists prior
to the singularity. From a space-time point of view, it is not clear that it makes sense to
continue the spacetime metric (17) beyond the singularity at λ = 0.
The same question has been addressed for the Milne orbifold as (two dimensions of) a
space-time background in perturbative string theory [5, 6]. The conclusion was that 2→ 2
scattering amplitudes across the singularity diverge at tree-level because of large tree-level
gravitational backreaction from the region close to the singularity [6].
Our Matrix description a priori contains only the future quadrant of the Milne orbifold
as the Matrix string world-sheet. One could try to include the other three quadrants of the
Milne orbifold and see whether states can be propagated across the singularity. Although
there is now no gravitational backreaction, one can show along the lines of [6] that large
gauge backreaction gives rise to UV enhanced IR divergences similar to the ones found in [3].
These divergences are in some sense milder than those encountered in the gravitational case,
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but they might still be problematic in our low dimension field theory. However, it is not
entirely clear that these divergences are associated with the singularity.
It is also possible that the correct prescription involves selecting an initial condition at
the big bang and considering only the future quadrant of the Milne orbifold. There are two
natural states to choose as an initial vacuum: the conformal vacuum annihilated by positive
frequency modes with respect to the conformal time η given in (5), and the adiabatic vacuum
inherited from the underlying Minkowski space. For a more detailed discussion, see [6,25].
At the big bang, we have a conformal field theory since the Yang-Mills theory is free. The
natural vacuum from the perspective of conformal field theory would be the conformal
vacuum which is SL(2) invariant. However, the adiabatic vacuum has the advantage of
better high-energy behavior at the singularity, and is the vacuum state that is usually used
in string theory computations [6,8]. At late times, where the perturbative string description
is good, it is natural to study states with reference to conformal time which is identified
with X+ in space-time via (66).
It is an interesting question to determine the precise observables in this Matrix model.
For example, one possibility could be to take a natural initial Yang-Mills state and ask how
it evolves into a collection of excited strings in the space-time that emerges at late times.
4 Some Generalizations
4.1 A dual type IIA background
There are many interesting ways to generalize the light-like linear dilaton solution. For
example, given the M-theory metric (9), we can compactify the X9 direction and interpret
it as the M-theory circle. This gives rise to an alternate type IIA description, with metric
ds210 = e
QX+ [−(dX0)2 + (dX1)2 + · · ·+ (dX8)2] + e−QX+(dY )2 (84)
and light-like linear dilaton
φ =
QX+
2
. (85)
In a coordinate basis, the metric (84) has non-vanishing curvature components
R+i+i =
Q2
4
eQX
+
,
R+y+y = −3Q
2
4
e−QX
+
. (86)
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Thus we find that the Ricci tensor has a non-vanishing component
R++ = Q
2. (87)
The non-vanishing Ricci tensor is supported by the dilaton, which in the presence of the
metric (84) makes a non-vanishing contribution to Einstein’s equations:
∇+∇+φ = −Γ+++∂+φ = −
Q2
2
. (88)
Like (9), the space-time (84) is singular as X+ → −∞ because the metric components g˜ii
go to zero in that limit.
If we now compactify the X8-direction, X8 ∼ X8+2πR8, and T-dualize, we find a type
IIB solution with metric
ds210 = e
QX+ [−(dX0)2 + (dX1)2 + · · ·+ (dX7)2] + e−QX+ [(dX8)2 + (dY )2] (89)
and constant dilaton,
φ = log
(
ℓs
R8
)
(90)
with X8 ∼ X8 + 2πℓ2s/R8.
4.2 The light-like linear dilaton in type IIB
We could also directly consider the light-like linear dilaton in type IIB string theory. The
new ingredient in type IIB that we should consider as gs → ∞ is S-duality. The Einstein
frame metric (4) is invariant under S-duality, but we obtain a new string frame metric valid
in the strong coupling regime. We can view the resulting S-dual description as either string
theory with a time-independent string length ℓs but with a coupling and metric
g˜s = e
QX+ , ds2 = eQX
+
{
−2dX+dX− +
∑
i
(dX i)2
}
, (91)
or as string theory with a coupling and metric
g˜s = e
QX+ , ds2 =
{
−2dX+dX− +
∑
i
(dX i)2
}
, (92)
and a time-dependent string length ℓ˜s
2
= e−QX
+
ℓ2s. As we approach the singularity at
X+ → −∞, the effective string tension goes to zero. Once again, we see that the resolution
of the singularity requires physics beyond the ℓ˜s expansion.
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It might appear that because the string coupling is small near the singularity, we should
have a good perturbative string description. If this were the case, we might hope to resolve
the cosmological singularity in string perturbation theory. However, this is not the case:
graviton perturbation theory, which is controlled by the (duality invariant) effective Newton
constant, still breaks down near the singularity. We therefore expect a new description
involving new degrees of freedom in the strong coupling regime. Such a description should
follow from type IIB Matrix string theory [18, 26].
4.3 The light-like linear dilaton from little string theory
Finally, it is worth mentioning that the light-like linear dilaton can be obtained as an
unusual Penrose limit of the near horizon geometry of type II NS5-branes studied in [27].5
This geometry is described by
ds2 = Nℓ2s
[
−dt˜2 + dr
2
r2
+ dΩ23
]
+ dy25, e
2Φ =
Nℓ2sg
2
s
r2
. (93)
The conventional time coordinate t has been rescaled, t =
√
Nℓst˜, to uniformize the factors
of N appearing in the metric. There is also an NS three-form field strength H3 which is N
times the volume form of the three-sphere, but this will vanish when we take the limit.
We are interested in boosting along a radial rather than angular null geodesic in this
space. To do this we switch coordinates (t˜, r) → (u, v) by t˜ = u − v, r = √Nℓseu. This
gives
ds2 = Nℓ2s
[
2dudv − dv2 + dθ2 + cos2 θdψ2 + sin2 θdφ2]+ dy25, e2Φ = g2se−2u. (94)
Finally, to take the limit [27], we rescale v → v/N , θ → θ/√N , ψ → ψ/√N , and take
N →∞. This sends H3 to zero since
H3 ∼ N sin θdθdψdφ, (95)
which goes like N−1/2. We are left with the metric,
ds2 = ℓ2s
[
2dudv + dx23
]
+ dy25, Φ = Φ0 − u, (96)
which describes the light-like linear dilaton in flat space-time.
5We would like to thank Daniel Robbins for collaboration on the material in this subsection.
19
If we were now to study perturbative states in light-cone string theory on this back-
ground, we would like to understand to which states these correspond in the original coor-
dinates. After the limit, the light cone energy and momentum are given by
2p− = −i ∂
∂u
= −i
(
∂
∂t˜
+ r
∂
∂r
)
= −i
(
ℓs
√
N
∂
∂t
+ r
∂
∂r
)
2p+ = − i
N
∂
∂v
=
i
N
∂
∂t˜
=
i√
N
ℓs
∂
∂t
. (97)
The states of interest to us are those with finite p− and p+. Mapping these states back
to the original variables, we see that these states comprise a certain sector of high-energy
states in little string theory [28] with energies of order
√
N .
The main problem with this approach for obtaining a holographic description of the
null dilaton is that little is still known about little string theory beyond its bulk definition.
However, many other geometries give rise to the light-like linear dilaton via similar limits,
and perhaps one of those geometries will provide a more tractable holographic dual in the
spirit of the AdS/CFT correspondence.
Acknowledgements
The work of B. C. is supported by Stichting FOM. The work of S. S. is supported in part
by NSF CAREER Grant No. PHY-0094328, and by the Alfred P. Sloan Foundation.
B. C. and S. S. would like to thank the Aspen Center for Physics for hospitality during
the early stages of this work. B.C. thanks the organizers of the IPAM “Conformal Field
Theory 2nd Reunion Conference” at Lake Arrowhead, where part of this work was carried
out. S. S. would also like to thank the organizers of the 2005 Amsterdam String Theory
Workshop, where this work was completed.
References
[1] M. Gasperini and G. Veneziano, “The pre-big bang scenario in string cosmology,”
Phys. Rept. 373 (2003) 1–212, hep-th/0207130; J. Khoury, B. A. Ovrut, P. J.
Steinhardt, and N. Turok, “The ekpyrotic universe: Colliding branes and the origin
of the hot big bang,” Phys. Rev. D64 (2001) 123522, hep-th/0103239; J. Khoury,
B. A. Ovrut, N. Seiberg, P. J. Steinhardt, and N. Turok, “From big crunch to big
bang,” Phys. Rev. D65 (2002) 086007, hep-th/0108187; P. J. Steinhardt and
20
N. Turok, “Cosmic evolution in a cyclic universe,” Phys. Rev. D65 (2002) 126003,
hep-th/0111098.
[2] H. Liu, G. W. Moore, and N. Seiberg, “Strings in a time-dependent orbifold,” JHEP
06 (2002) 045, hep-th/0204168.
[3] H. Liu, G. W. Moore, and N. Seiberg, “Strings in time-dependent orbifolds,” JHEP
10 (2002) 031, hep-th/0206182.
[4] A. Lawrence, “On the instability of 3D null singularities,” JHEP 11 (2002) 019,
hep-th/0205288.
[5] G. T. Horowitz and J. Polchinski, “Instability of spacelike and null orbifold
singularities,” Phys. Rev. D66 (2002) 103512, hep-th/0206228.
[6] M. Berkooz, B. Craps, D. Kutasov, and G. Rajesh, “Comments on cosmological
singularities in string theory,” JHEP 03 (2003) 031, hep-th/0212215.
[7] G. T. Horowitz and A. R. Steif, “Space-time Singularities in String Theory,” Phys.
Rev. Lett. 64 (1990) 260; V. Balasubramanian, S. F. Hassan, E. Keski-Vakkuri, and
A. Naqvi, “A space-time orbifold: A toy model for a cosmological singularity,” Phys.
Rev. D67 (2003) 026003, hep-th/0202187; L. Cornalba and M. S. Costa, “A new
cosmological scenario in string theory,” Phys. Rev. D66 (2002) 066001,
hep-th/0203031; J. Simon, “The geometry of null rotation identifications,” JHEP 06
(2002) 001, hep-th/0203201; A. J. Tolley and N. Turok, “Quantum fields in a big
crunch / big bang spacetime,” Phys. Rev. D66 (2002) 106005, hep-th/0204091;
L. Cornalba, M. S. Costa, and C. Kounnas, “A resolution of the cosmological
singularity with orientifolds,” Nucl. Phys. B637 (2002) 378–394, hep-th/0204261;
B. Craps, D. Kutasov, and G. Rajesh, “String propagation in the presence of
cosmological singularities,” JHEP 06 (2002) 053, hep-th/0205101; E. J. Martinec
and W. McElgin, “Exciting AdS orbifolds,” JHEP 10 (2002) 050, hep-th/0206175;
M. Fabinger and J. McGreevy, “On smooth time-dependent orbifolds and null
singularities,” JHEP 06 (2003) 042, hep-th/0206196; K. Okuyama, “D-branes on
the null-brane,” JHEP 02 (2003) 043, hep-th/0211218; M. Fabinger and
S. Hellerman, “Stringy resolutions of null singularities,” hep-th/0212223; P. Kraus,
H. Ooguri, and S. Shenker, “Inside the horizon with AdS/CFT,” Phys. Rev. D67
21
(2003) 124022, hep-th/0212277; J. R. David, “Plane waves with weak singularities,”
JHEP 11 (2003) 064, hep-th/0303013; B. C. Da Cunha and E. J. Martinec, “Closed
string tachyon condensation and worldsheet inflation,” Phys. Rev. D68 (2003)
063502, hep-th/0303087; J. G. Russo, “Cosmological string models from Milne
spaces and SL(2,Z) orbifold,” Mod. Phys. Lett. A19 (2004) 421–432,
hep-th/0305032; A. Giveon, E. Rabinovici, and A. Sever, “Strings in singular
time-dependent backgrounds,” Fortsch. Phys. 51 (2003) 805–823, hep-th/0305137;
A. J. Tolley, N. Turok, and P. J. Steinhardt, “Cosmological perturbations in a big
crunch / big bang space-time,” Phys. Rev. D69 (2004) 106005, hep-th/0306109;
L. Fidkowski, V. Hubeny, M. Kleban, and S. Shenker, “The black hole singularity in
AdS/CFT,” JHEP 02 (2004) 014, hep-th/0306170; B. Pioline and M. Berkooz,
“Strings in an electric field, and the Milne universe,” JCAP 0311 (2003) 007,
hep-th/0307280; B. Craps and B. A. Ovrut, “Global fluctuation spectra in big
crunch / big bang string vacua,” Phys. Rev. D69 (2004) 066001, hep-th/0308057;
J. L. Hovdebo and R. C. Myers, “Bouncing braneworlds go crunch!,” JCAP 0311
(2003) 012, hep-th/0308088; B. Durin and B. Pioline, “Closed strings in Misner
space: A toy model for a big bounce?,” hep-th/0501145; C. V. Johnson and H. G.
Svendsen, “An exact string theory model of closed time-like curves and cosmological
singularities,” Phys. Rev. D70 (2004) 126011, hep-th/0405141; M. Berkooz,
B. Durin, B. Pioline, and D. Reichmann, “Closed strings in Misner space: Stringy
fuzziness with a twist,” JCAP 0410 (2004) 002, hep-th/0407216; Y. Hikida, R. R.
Nayak, and K. L. Panigrahi, “D-branes in a big bang / big crunch universe:
Nappi-Witten gauged WZW model,” JHEP 05 (2005) 018, hep-th/0503148.
[8] N. A. Nekrasov, “Milne universe, tachyons, and quantum group,” Surveys High
Energ. Phys. 17 (2002) 115–124, hep-th/0203112.
[9] S. Elitzur, A. Giveon, D. Kutasov, and E. Rabinovici, “From big bang to big crunch
and beyond,” JHEP 06 (2002) 017, hep-th/0204189.
[10] M. Berkooz, B. Pioline, and M. Rozali, “Closed strings in Misner space: Cosmological
production of winding strings,” JCAP 0408 (2004) 004, hep-th/0405126.
[11] J. McGreevy and E. Silverstein, “The Tachyon at the End of the Universe,”
hep-th/0506130.
22
[12] T. Banks, W. Fischler, S. H. Shenker, and L. Susskind, “M theory as a matrix model:
A conjecture,” Phys. Rev. D55 (1997) 5112–5128, hep-th/9610043.
[13] D. Bigatti and L. Susskind, “Review of matrix theory,” hep-th/9712072; T. Banks,
“TASI lectures on matrix theory,” hep-th/9911068; W. Taylor, “M(atrix) theory:
Matrix quantum mechanics as a fundamental theory,” Rev. Mod. Phys. 73 (2001)
419–462, hep-th/0101126.
[14] A. Hashimoto and S. Sethi, “Holography and string dynamics in time-dependent
backgrounds,” Phys. Rev. Lett. 89 (2002) 261601, hep-th/0208126; J. Simon, “Null
orbifolds in AdS, time dependence and holography,” JHEP 10 (2002) 036,
hep-th/0208165; M. Alishahiha and S. Parvizi, “Branes in time-dependent
backgrounds and AdS/CFT correspondence,” JHEP 10 (2002) 047, hep-th/0208187;
R.-G. Cai, J.-X. Lu and N. Ohta, “NCOS and D-Branes in Time-Dependent
Backgrounds”, Phys. Lett. B551 (2003) 178, hep-th/0210206; B. L. Cerchiai, “The
Seiberg-Witten map for a time-dependent background,” JHEP 06 (2003) 056,
hep-th/0304030; D. Robbins and S. Sethi, “The UV/IR interplay in theories with
space-time varying non-commutativity,” JHEP 07 (2003) 034, hep-th/0306193;
T. Hertog and G. T. Horowitz, “Towards a big crunch dual,” JHEP 07 (2004) 073,
hep-th/0406134; T. Hertog and G. T. Horowitz, “Holographic description of AdS
cosmologies,” JHEP 04 (2005) 005, hep-th/0503071; V. E. Hubeny, M. Rangamani,
and S. F. Ross, “Causal structures and holography,” hep-th/0504034.
[15] E. Alvarez and P. Meessen, “Newtonian M(atrix) cosmology,” Phys. Lett. B426
(1998) 282, hep-th/9712136; D. Z. Freedman, G. W. Gibbons and M. Schnabl,
“Matrix cosmology,” AIP Conf. Proc. 743 (2005) 286, hep-th/0411119.
[16] R. C. Myers, “New Dimensions for Old Strings,” Phys. Lett. B199 (1987) 371;
I. Antoniadis, C. Bachas, J. R. Ellis, and D. V. Nanopoulos, “Cosmological String
Theories and Discrete Inflation,” Phys. Lett. B211 (1988) 393; S. P. de Alwis,
J. Polchinski, and R. Schimmrigk, “Heterotic Strings with Tree Level Cosmological
Constant,” Phys. Lett. B218 (1989) 449.
[17] L. Motl, “Proposals on nonperturbative superstring interactions,” hep-th/9701025.
23
[18] T. Banks and N. Seiberg, “Strings from matrices,” Nucl. Phys. B497 (1997) 41–55,
hep-th/9702187.
[19] R. Dijkgraaf, E. Verlinde, and H. Verlinde, “Matrix string theory,” Nucl. Phys. B500
(1997) 43–61, hep-th/9703030.
[20] N. Seiberg, “Why is the matrix model correct?,” Phys. Rev. Lett. 79 (1997)
3577–3580, hep-th/9710009.
[21] A. Sen, “D0 branes on T(n) and matrix theory,” Adv. Theor. Math. Phys. 2 (1998)
51–59, hep-th/9709220.
[22] N. Itzhaki, J. M. Maldacena, J. Sonnenschein, and S. Yankielowicz, “Supergravity
and the large N limit of theories with sixteen supercharges,” Phys. Rev. D58 (1998)
046004, hep-th/9802042.
[23] S. Paban, S. Sethi, and M. Stern, “Constraints from extended supersymmetry in
quantum mechanics,” Nucl. Phys. B534 (1998) 137–154, hep-th/9805018.
[24] T. Banks and L. Motl, “A nonsupersymmetric matrix orbifold,” JHEP 03 (2000)
027, hep-th/9910164.
[25] N. D. Birrell and P. C. W. Davies, “Quantum Fields in Curved Space,”. Cambridge,
Uk: Univ. Pr. ( 1982) 340p.
[26] S. Sethi and L. Susskind, “Rotational invariance in the M(atrix) formulation of type
IIB theory,” Phys. Lett. B400 (1997) 265–268, hep-th/9702101.
[27] E. Kiritsis and B. Pioline, “Strings in homogeneous gravitational waves and null
holography,” JHEP 08 (2002) 048, hep-th/0204004; V. E. Hubeny, M. Rangamani,
and E. Verlinde, “Penrose limits and non-local theories,” JHEP 10 (2002) 020,
hep-th/0205258.
[28] N. Seiberg, “New theories in six dimensions and matrix description of M- theory on
T**5 and T**5/Z(2),” Phys. Lett. B408 (1997) 98–104, hep-th/9705221.
24
